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ABSTRACT
In this paper, the second in a series of two, we justify two important assumptions on
which the result is based that in course of a galaxy merger the slingshot ejection of
bound stars in the second phase is sufficiently efficient as to allow the black hole binary
to merge. The required steep cusp, which is as massive as the binary and surrounds
the BHs at the time the binary becomes hard, is formed during the merger from both
clusters surrounding each black hole and the matter funneled into the center. We
find this profile to be in agreement with observed post-merger distributions after the
cusp has been destroyed. The time dependency we derive for the merger predicts that
stalled binaries, if they exist at all, will preferably be found at the end of the second
phase. To test this prediction we compute the current semimajor axis of 12 candidates
of ongoing mergers. We find all of them unambiguously to be already in the last phase
where the black holes coalesce due to the emission of gravitational waves. Therefore,
in striking contradiction with predictions of a depleted loss-cone, the finding of not a
single source in the second phase strongly supports our previous and current results:
Binaries merge due to slingshot ejection of stars which have been funneled into the
central regions in course of a galaxy collision.
Key words: black hole physics – galaxies: evolution – galaxies: interaction – galaxies:
kinematics and dynamics
1 INTRODUCTION
The formation of a supermassive black hole binary (BHB)
is the natural consequence of the two widely accepted as-
sumptions that galaxies harbour a supermassive black hole
(BH) in their center and that galaxies merge with each other.
Such BHBs, merged and not yet merged, are important be-
cause they are used to explain a wide variety of features
observed in galaxies. For a detailed review on observational
evidence of BHBs see Komossa (2003) or an updated ver-
sion (Komossa 2006). The evolution of the merging BHs can
be subdivided into three successive phases (Begelman et al.
1980): In the beginning both cores spiral inwards to their
common center due to dynamical friction. Once the BHs
bind to each other on the parsec scale and form a hard bi-
nary they keep on merging due to slingshot ejection of stars.
Finally, in the third phase, the binary continues to decay
owing to the emission of gravitational waves. While the first
and third phase are well investigated it is still a matter of
debate whether the slingshot ejection of stars in the second
phase is efficient enough to enable the binary to enter the
final phase or whether the merging process comes to a halt
due to loss-cone depletion. Even though numerical scattering
experiments showed that the BHs merge on scales of 108–9 yr
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(Quinlan 1996; Makino 1997; Quinlan & Hernquist 1997;
Milosavljevic´ & Merritt 2001; Zier & Biermann 2001) it is
argued in all publications but the last that the loss-cone be-
comes depleted long before the binary enters the third phase
and hence the binary probably gets stalled. This reasoning
is based on the assumption that the binary is embedded in
a flat spherically symmetric core which is derived from the
central density profiles of elliptical galaxies (Berczik et al.
2005). According to hierarchical models for galaxy formation
this type of galaxy has experienced a major merger previ-
ously and therefore its mass has been redistributed from the
central parts to the outer regions, resulting in a flat profile
after the merger.
While there is no conclusive observational evidence for
stalled binaries various sources suggest the generally suc-
cessful merger of the BHs. Haehnelt & Kauffmann (2002)
argued that if the merging time would be longer than a
Hubble time the binary should become ejected in about
40% of the bright elliptical galaxies when merging with a
third galaxy. They point out that this would be in contra-
diction with the BHs which have been observed indirectly
in all nearby elliptical galaxies and with the small scatter
of the MBH – σ∗ relation which has been observed by e.g.
Gebhardt et al. (2000) and Tremaine et al. (2002). A cer-
tain class of sources, the so-called X-shaped radio galax-
ies (XRGs), can be well explained in terms of a completed
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merger of a BHB, an interpretation first used by Rottmann
(2001). When the BHs finally coalesce the spin axis is
rapidly realigned into the direction of the orbital angular
momentum so that the old and new lobes appear as an X
on the sky (Zier & Biermann 2001; Dennett-Thorpe et al.
2002; Zier & Biermann 2002). The same machanism is held
responsible for Z-shaped radio galaxies where the secondary
galaxy bends the jet of the primary into a Z-shape before
the BHs coalesce (Gopal-Krishna, et al. 2003; Zier 2005),
for double-double radio galaxies (Schoenmakers et al. 2000;
Liu et al. 2003) and possibly for compact symmetric ob-
jects (Zier & Biermann 2002). Recently the sample of known
XRGs has been inceased considerably by Cheung (2006).
This can be used for systematic studies and hence might
support the merging scenario as formation mechanism of
XRGs. Other sources suggest that the BHs have not yet
merged and are still orbiting around each other. Helical jet
patterns could be explained in this way (Begelman et al.
1980) as well as semi-periodic changes in lightcurves (e.g.
Sillanpa¨a¨ et al. 1988; Katz 1997). However, this does not
necessarily mean that the BHs are stalled, the binary might
still decay.
In a recent letter (Zier 2006, from now on Paper I) we
showed that the slingshot ejection of stars in the second
phase is efficient enough to allow the BHs to shrink to the
third phase and coalesce within less than a Hubble time. Un-
like in previous numerical simulations where the focus was
on stars scattered off the binary, we focussed on the stars
bound in the potential of the BHs. The results showed that
if the binary by the time it becomes hard is surrounded by
a flat cusp with a power law index γ . 2, as it appears af-
ter the merger and has been used in previous simulations,
it will stall in this phase unless the cusp is very massive.
However, if the cusp is as massive as the binary and suf-
ficiently steep, i.e. γ & 2.5 as we predict the profile to be
during the merger at the time the binary becomes hard,
the ejection of this mass from the potential of the BHs ex-
tracts enough energy from the binary so that it can enter
the third phase and the BHs coalesce. We argued that such
a profile is formed during the merger. Parameters like the
initial mass and velocity distributions in the isolated galax-
ies as well as the magnitude and orientation of both galactic
spins and the orbital angular momentum relative to each
other have a strong influence on the merger and the mor-
phology of the remnant (Toomre & Toomre 1972). While
the galaxies are merging energy is dissipated and angular
momentum redistributed with some fractions compensating
each other. Large amounts of mass move on highly eccen-
tric orbits (Rauch & Tremaine 1996) in a potential that is
stronlgy non-spherically symmetric. Low angular momen-
tum matter accumulates in the center. Together with both
cores surrounding each BH and whose density increases con-
siderably during the merger (Barnes & Hernquist 1996) this
matter forms a massive and steep cusp by the time the bi-
nary becomes hard. This cusp is only transient because it
will be destroyed by the merging binary and therefore is not
likely to be observed. However, this should be the appropri-
ate profile in order to simulate the second phase.
In the present article, after repeating in section 2 the
results from Paper I which we will need in this paper in,
we will justify in more detail our assumptions for the kick-
parameter k (section 3) and the neglegtion of the cluster
potential (section 4). Afterwards we show that the amount
of the mass which is required to become ejected is in agree-
ment with the total mass of the cluster. We also show that
the profile which at the beginning of the second phase is re-
quired to allow the BHs to coalesce is in agreement with the
observed post-merger profiles after the binary has destroyed
the cusp (section 5). In section 6 we briefly investigate in
the effects of multiple mergers on the ejected mass before
we look at the evolution of the merger in time (section 7).
Afterwards we examine observational evidence for ongoing
mergers which might have become stalled (section 8) and
finally summarize our results in section 9.
2 PRELIMINARIES
First we will repeat the basic assumptions and some results
from Paper I which we will use in the present article. It is
assumed that the BHs, moving on Keplerian orbits, have
formed a hard binary and that the origin coincides with the
center of mass. We define the mass ratio q ≡ m2/m1 ≤ 1.
As before the total and reduced mass are M12 = m1 +m2











where a is the semimajor axis of the binary. If the clus-
ter mass Mc is distributed according to the power law
ρ = ρ0(r/r0)
−γ between the radii ri and rc we obtain for






, γ 6= 3
ln(r/ri)
ln(rc/ri)
, γ = 3.
(3)
In Paper I we showed that a mass of about 2M12 is bound to
the binary, of which a large fraction is expected to be in the
loss-cone. For stars belonging to this population the initial
energy in the potential of the binary is
E∗,i = −(1− ǫ)GM12m∗
2r−
, (4)
where ǫ < 1 is the eccentricity of the star’s orbit and r−
the pericenter. We approximated the the potential of the
binary to the first order with a point potential of mass M12
located at the center of the cluster. This introduces only
minor deviations with a maximum of a factor of less than
2 for q = 1. In section 4 we will show that it is justified to
neglect the potential of the cluster itself when computing
the binding energy of the stars in Eq. (4). After its ejection
the formerly bound star will have a positive energy which we
can scale with the factor κ to its initial energy for circular





According to Quinlan (1996) the dominant contribution to
the hardening of the binary comes from stars whose pericen-
ter is about the semimajor axis of the binary, independent
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of the density profile. Hence replacing r− with a we obtain
for the energy change E∗,f − E∗,i of the star:










Note that for pericenters smaller than a the initial energy
of the star would be smaller and hence the energy change
larger, resulting in an increased kick-parameter k.
In the limit m∗ ≪ m2 we can replace m∗ with dm and
write Eq. (6) in its infinitesimal form. Equating it with the
change of the binary’s energy in Eq. (1) due to the ejection






which relates the shrinking of the binary to the amount
of the ejected mass. Integrating Eq. (7) from ag to ah we








The semimajor axis where the binary becomes hard, ah, and
where emission of gravitational waves starts to dominate the
decay, ag, mark the transitions from phase 1 to 2 and phase 2
to 3 respectively. While ag is well defined (see Eq. (54)) there
is no unique prescription for the semimajor axis where the
binary becomes hard. However, the ratio of these distances
η ≡ ah/ag is agreed to range from about 20 to 100, see the
discussion in Paper I and references therein. In the following
we assume that the binary is hard and do not worry about
the exact value of ah. We also showed that the ejection of
about mej is sufficient for the binary to shrink from ah to
ag, provided this mass is distributed according to a steep
power law with an index γ & 2.5. Therefore, we concluded,
the coalescence of the BHs is very likely in the course of
a galaxy merger where a large amount of mass with low
angular momentum is accumulated in the central region.
3 THE KICK-PARAMETER k
One of our basic assumptions in Paper I on which our re-
sults were based is a kick-parameter k = 1. In the literature
we can find various prescriptions for k which we defined in
Eq. (6). If we express the final energy of the ejected star
in terms of its velocity at infinity, E∗,f = m∗v
2
∞/2 we can
write κ = (v∞/vµ)
2, where we have made use of Eqs. (5) and
(2) and replaced the pericenter of the orbit of the star with
the semimajor axis of the binary. This form can be used in
the relation between the scaling parameters obtained from
Eq. (6), k = 1− ǫ+κ. From scattering experiments Quinlan
(1996) finds that most of the stars are ejected with a final




q/(1 + q) and
hence we obtain





Quinlan argued that the energy gained by a star can basi-
cally be attributed to the interaction with the smaller BH
in the limit m1 ≫ m2, because the larger BH acts as a
fixed potential. He then derives an expression for the energy
change which is proportional to m2/M12 = q/(1 + q). This
assumption might not really be plausible. Because m1 and
m2 are bound to each other also the acting forces correspond
to each other so that the larger mass m1 compensates for
the smaller semimajor axis of its orbit and approximating it
as a fixed point potential compared to the potential gener-
ated by m2 does not seem to be justified. The potential of
the BHs is Φi = Gmi/ri. As they move along their orbits a
test mass m∗, which is fixed in space, experiences a change






We assume that the displacement dri of the mass mi cor-
responds to the semimajor axis of its orbit ai. Expressing
this in terms of the semimajor axis of the binary a, i.e.














The binary shrinks mostly due to the interaction with stars
whose closest approach corresponds to the semimajor axis
(Quinlan 1996). Hence we can replace r1 and r2 with a in the
expressions above, resulting in equal changes of both poten-
tials, ∆Φ = (Gm1/a) q/(1 + q) = v
2
µ µ/M12. If the star was
moving on a parabolic orbit and this energy is tranfered from











This result has been cited before to have been obtained by
Saslaw et al. (1974) in numerical experiments. Apart from
a factor 1/(1 + q), which has a minimum of 1/2 for q = 1,
this result is very similar to that obtained by Quinlan above.
Similar values have also been found before. In simulations
of close encounters of stars with a hard equal-mass binary
of zero eccentricity Hills & Fullerton (1980) obtained for the
mean velocity of stars at infinity v∞ ≈ 0.84 vµ, and hence
κ ≈ 0.71. Later Roos (1981) performed numerical computa-
tions with a varying mass ratio and approximated the kick-
parameter by k = 2µ/M12, i.e. the same result we have
found above for κ. For parabolic orbits, as we have assumed
above, these parameters are equal and our crude estimate is
in good agreement with his result.
More recently Zier (2000) simulated a stellar cluster
bound in the potential of a BHB which was moving on fixed
circular orbits. He performed several runs for different mass
ratios (q = 0.01, 0.1 and 1) and different initial density dis-
tributions of the stars (Gaussian or power laws with index
γ = 2 or 4). For each of these runs we binned the initial ec-
centricities of the orbits and computed the kick-parameter
for each bin. In Fig. 1 we show the thus obtained k in de-
pendency on the eccentricity and find a distinct linear cor-
relation. We can not detect a clear dependency on the kind
of the initial profile in the plot. However, the data show a
weak positive dependency of k on the mass ratio q. This is in
agreement with the previous results given above in Eqs. (9)
and (12) if we write k = 1 − ǫ + κ, although the depen-
dency on q exhibited in the data is weaker. However, if the
orbits are not highly eccentric we find that k ≈ 1 is a good
approximation in the range ǫ . 0.4. Note that the simula-
tions by Zier (2000) did not take into account the potential
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Figure 1. Data show that the kick-parameter is roughly a linear
function of the eccentricity of the stellar orbit. While k tends to
increase with q it does not seem to depend on the choice of the
initial profile. The fit is drawn by eye using all data points.
actually be larger than those displayed in Fig. 1, see next
section. Because Eq. (9) is less steep than the data in Fig. 1
suggest this equation generally yields slightly larger values
for the kick-parameter if the mass ratio is not too small.
Comparing our definition of the kick-parameter with
that of Yu (2002) for K we find that k = 2K q/(1 + q)2.
Making use of the results of Quinlan (1996), Yu obtains K ≈
1.6. This translates to a maximum value of k = 0.8 for q = 1,
roughly in agreement with the previous results. Note that
in Paper I we did not include the factor µ/M12 = q/(1+ q)
2
and hence derived a too large value for k of 3.2. Because
we just quoted this result and used k = 1 throughout the
paper none of the results and conclusions obtained there are
affected.
In Eq. (6) we defined k after having replaced the peri-
center of the star r− with the semimajor axis a of the binary.
Because only stars with r− . a can interact with the bi-
nary and become ejected and a pericenter less then a would
increase the kick-parameter (keeping the eccentricity con-
stant) the values we derived should actually be a lower limit.
In conclusion we can say that the above results clearly show
that the k is of order of 1 unless the stars are moving on very
eccentric orbits (keeping r− = a constant, i.e. stars are only
weakly bound what is very unlikely due to dissipation of en-
ergy during the merger) and the mass ratio is very small.
Therefore our choice of k = 1 in Paper I was well justified
and we continue to use this value in the present paper.
3.1 The influence of the cluster potential on k
After a star interacted with the binary it will be ejected
from the potential of the BHs. This might not happen after
the first interaction, but ultimately it will be ejected unless
before the next encounter with the binary the pericenter is
shifted due to star-star interactions to distances too large as
to interact with the binary or the binary has shrunk in the
meantime to a semimajor axis much smaller than the peri-
center of the star, again resulting in no more interactions.
However, this will happen most likely only in the beginning
of the merger when the evolution is fastest (see section 7) to
stars whose energy is close to zero after the last interaction
so that they have been almost ejected anyway.
Interacting with the binary some stars will be acceler-
ated to a speed which exceeds the escape velocity of the
binary, but is less than the escape velocity of the combined
potential of the BHs and the cluster. These stars stay bound
to the center. After multiple interactions with the binary the
fraction of stars whose pericenters have become larger rel-
ative to the semimajor axis of the binary for the reasons
given above will remain bound in the cluster without in-
teracting with the binary anymore. On longer time scales
they might diffuse back into the loss-cone. The other frac-
tion eventually becomes ejected from the total potential of
the BHs and cluster after multiple encounters. Hence this
delayed ejected fraction, emerging because of the inclusion
of the cluster potential, increases the kick-parameter on av-













where l ≡ Mc/M12, which is larger than 1. The escape
velocity in the combined potential at r > rc is v
2
esc =
2(1+ l)GM12/r and for the velocity of the star in the poten-
tial of the binary only we can write v2(r) = 2(E∗+GM12/r).
If we require that this velocity is at least as large as the es-
cape velocity at r = rc we obtain for the specific energy the
relation E∗ ≥ l GM12/rc. Using this again in the expression
for the star’s velocity in the limit of an infinite radius we
have v2∞ = 2E∗ ≥ 2l v2µ a/rc. Therefore the condition that
the stars become ejected from the combined potential of the
binary and cluster can be written as
κ ≥ 2l a
rc
. (14)
κ is determined using only the binary potential. For a star
which eventually escapes from the binary and the cluster
this parameter is increasing with the normalized cluster
mass l. Compared to the case where the cluster potential
is neglected (i.e. l = 0) this expression explicitly shows that
including this potential increases κ and hence of the kick-
parameter k of the delayed ejected fraction and hence the
mean value of k of all ejected stars. On the other hand we
can use Eq. (14) to derive a maximum cluster mass for which








k + ǫ− 1
2
. (15)
With our results from the previous section and assuming
that rc ≫ a this relation still allows the cluster mass to
exceed the binary’s mass by a factor of a few, as required
by a successful merger (Eq. (8)). Therefore most of the stars
get a kick large enough to escape from the center, even if
we neglect the cluster potential. Consequently the fraction
of delayed ejected stars is small, increasing the mean of k
only slightly. This is in agreement with Yu (2002) who finds
that especially for a ≪ ah stars generally escape from the
binary and cluster. We can summarize that including the
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cluster potential tends to increase on average the value of
the parameter k so that the values obtained before are rather
lower limits.
4 THE CLUSTER POTENTIAL
We also have to check whether it is justified to neglect the
cluster potential when computing the potential energy of
stars bound by the binary, the second basic assumption we
made in Paper I. If stars in the cluster initially are not bound
by the BHs, they are at least bound by the cluster itself. The









v2f −m(Φb +Φc), (17)
with Φc and Φb being potential of the cluster and the binary
respectively. If we compare the initial and final energy of the
star at the same radius and assume that both potentials did
not change during the time of the interaction between the
binary and the star we can write for the change of the energy
∆E∗ = E∗,f − E∗,i = m
2
(v2f − v2i ).
Taking the circular velocity in a point potential as the typ-
ical velocity of a star in the cluster we showed in Paper I
that a mass of about 2M12 is gravitationally to the binary.
Depending on the power law index of the mass distribution
the radius of a sphere which contains twice the mass of the

















, γ = 3.
(18)
For a valid solution of course the relation Mc > 2M12 must
be satisfied. In this range the radius rb is increasing with
decreasing γ, i.e. larger for flatter profiles. For γ = 2 and
ri ≪ rc we have rb = 2 rcM12/Mc, independent of ri. If the
cluster is four times as massive as the binary and we assume
rc ≈ 100 pc we obtain for rb about 25 pc, i.e. a radius much
larger than the semimajor axis ah where the binary becomes
hard. For γ = 3 and Mc = 4M12 we find rb =
√
rirc, i.e.
the geometrical mean. With ri = 0.01 and rc = 100 pc this
is 1 pc, i.e. a mass of 2M12 is contained in the central cusp
and bound to the BHB when the binary becomes hard.
In Paper I we assumed the star to be bound to the
binary, i.e. the second term alone in Eq. (16) already exceeds
the first one so that vi is less than the escape velocity from
the binary. This is roughly true for stars within the sphere
of radius ∼ rb. It is this bound population on which we
focussed in our previous paper and also in the present work.
When we calculated the energy of the stars and derived the
mass which is required to be ejected so that it can extract
sufficient energy to allow the BHs to merge, we neglected
the potential of the cluster. In the following we compare
the potential energy of a star in the potential of the binary
with that it has in the potential of a stellar cluster which is
distributed according to a power law with index 2 or 3.
In case of ρ = ρ0(r/r0)
−2 we can write Poisson’s equa-
tion as
∇2Φc = 4πGρ = g/r2, (19)
where we have introduced the constant g ≡ 4πGρ20. The
stars in the cluster are distributed between ri and rc, the
inner and the cluster radius respectively. With Mc being the
total mass of the cluster we can write g = GMc/(rc − ri).
Integrating Eq. (19) twice we obtain for the potential in the
range ri < r < rc





















Because the mass is spherically symmetric distributed and
there is no mass at radii less than ri, no force is acting on
a particle in this range. Therefore the force F = −∂Φ/∂r
has to vanish at r = ri. On the other hand the force acting
on a particle outside the cluster is the same as that of a
pointmass Mc located at the origin, −GMc/r2 (Newton’s
second theorem). Evaluating this condition at r = rc we can





rc − ri ln
rc




1− rir + ln rcr
)
, ri ≤ r ≤ rc
1
r , rc ≤ r.
(21)
The potential energy of the cluster in its own potential is




We are only interested in the stars which become ejected
after interacting with the binary, i.e. stars in the range be-
tween ag and ah. It is the energy of this fraction in the poten-
tials of the cluster and the binary that we want to compare.
Therefore we have to integrate Eq. (22) in the limits from























In this expression we used the following definitions
η ≡ ah
ag
, ζ ≡ rc
ri
, λ ≡ rc
ah
, (24)



















The potential energy of this fraction of the cluster (ag ≤ r ≤
ah) in the potential of the binary, which we approximated
by that of a pointmass M12 in the origin, is
Eb = −GM12Mc






1− 1/ζ . (26)
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Figure 2. Shown is the ratio of the energies of the cluster in the
potential of the cluster itself and the binary as a function of the
ratio λ = rc/ah with q as parameter for flat (γ = 2, bold lines)
and steep (γ = 3, thin lines) profiles. (k = 1, η = 50.)
in Eq. (11) of Paper I with the factor 2. We assume that











Solving for the cluster mass and using the definitions in






ζ − λ ln η. (28)
As we argued in Paper I solutions with ri < ag are phys-
ically unreasonable because the mass in this range is not
included in the mass which is interacting with and ejected
by the binary. Therefore we assume ri = ag in the following,
implying ζ = λη. The ratio of the potential energies of the
















This ratio is plotted in Fig. 2 as a function of the ratio λ
with the mass ratio q as parameter (bold lines). k has been
fixed to one, see the previous section. Since the dependency
on η in Eq. (29) is very weak in the range 20 . η . 100 we
plotted the ratio only for η = 50. The figure clearly shows
that the stars are bound much stronger in the potential of
the binary than that of the cluster. The ratio of the ener-
gies increases with λ, but only for very large λ they become
comparable, i.e. λ ≈ 500 and λ ≈ 5 × 109 for q = 1 and
0.1 respectively. Such large ratios result in cluster masses of
about 2000µ and 2 × 1010µ for q = 1 and 0.1 respectively,
which are unrealistically large. Thus, even for major merg-
ers it is justified to neglect the potential of the cluster with
an index γ = 2 in order to compute the ejected mass that
allows the BHs to merge.
In Paper I we showed that while the binary probably
does not decay into the third phase if the density profile
is as flat as γ = 2, it will enter the final phase for steeper
profiles. Repeating the above analyses for a power law with





















, ri ≤ r ≤ rc
1, rc ≤ r.
(30)
and hence for the energy of the cluster in its own potential






(1− η + ln η) . (31)
In the same range the energy of the cluster in the potential














Assuming as before that the mass mej is distributed in the








With the definitions in Eq. (24) and the condition ri = ag













This ratio is displayed in Fig. 2 by the thin lines and we
can see that for the steeper profile the cluster potential con-
tributes an even smaller fraction to the potential energy of
the stars and increases much less with λ (i.e. is almost con-
stant) than in the case of a shallower profile (bold lines). The
steeper the density distribution, the stronger the stars are
bound to the BHs. For a density distribution with a power
law index as steep as γ = 3, which probably is transiently
formed during the merger when the binary becomes hard,
the contribution of the self energy of the cluster is negligible,
even in the limit of large ratios λ = rc/ah. Then the term
in the square brackets of Eq. (34) tends to 2− ln(η)/(η−1),
having a maximum of 2 if η tends to infinity so that the
ratio Ec/Eb approaches a maximum of q/(1 + q)
2, what is
0.25 and only 0.083 for q = 1 and 0.1 respectively. While
neglecting the cluster’s potential is well justified for density
profiles with γ = 2 it is an even better approximation for
steeper mass distributions. Thus the results we obtained in
our first paper should be a reasonably good approximation
in the limit that the cluster contains a mass within the radius
ah which corresponds to about the binary’s mass. Therefore
we can be confident in our results which predict a successful
merger of the BHs after the ejection of about mej.
5 MASS AND DENSITY PROFILE OF THE
CLUSTER
5.1 Ejected mass & cluster mass
If the massmej is distributed between ag and ah according to
a power law with index γ = 3 its ejection allows the BHs to
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shrink to the final separation af = ag (Paper I). For flatter
profiles we find af > ag while for steeper profiles the BHs
shrink into the range of phase 3, see Fig. 1 in that article.
We also calculated how much mass mrq exactly is required
to be distributed between ag and ah for other slopes than
γ = 3 in order to allow the binary to enter the third phase.











If the amount of mass which is distributed in the cusp region,
i.e. between ag and ah, is fixed the evolution of the merger in
this phase and hence af does not depend on the extension of
the cluster. However, changing the parameter λ = rc/ah will
influence the total cluster mass. Scaled to the mass which is





η3−γ − 1 , (36)
assuming that the density distribution at larger radii has
the same slope as in the cusp region. When we derived this
mass ratio from Eq. (3) we again assumed that ri = ag so
that ζ can be replaced with λη. For γ → 3 the ratio ap-
proaches ln(λη)/ ln η. This is the same expression we would
have obtained when computing the above ratio from Eq. (3)
for the case γ = 3, so we do not need to worry about the
singularity at γ = 3 in the denominator. If we require for the
mass in the cusp M(ah) = mrq we can express the resulting
cluster mass with the help of Eq. (35) in units of mej. This
is plotted as function of the slope γ in Fig. 3 (bold lines, left
y-axis). With mej being of the order of 10
8 M⊙ for a binary
of about the same mass (see Eq. (8)), Fig. 3 shows that for
the BHs to merge the cluster has to be of about the same
mass in case of steep profiles. The cluster mass is increasing
with decreasing γ, the more steeply the larger the cluster
is. It amounts to about 1010 M⊙ if γ ≈ 1.25, 1.6 or 2.1 for
λ = 5, 10 or 50 respectively. Thus for large clusters with flat
density profiles, as seen in core galaxies which are thought
to have already undergone a major merger, the mass quickly
becomes unphysically large, i.e. the binary would stall. But
if the distribution is steep enough as we assume for an on-
going merger (γ & 2.5) this problem does not occur.
Keeping the cluster mass fixed to mej and plotting the
inverse of Eq. (36) we obtain the fraction of mej that is dis-
tributed within ah and therefore accessible for ejection by
the binary (thin curves in Fig. 3, scaled on the right y-axis).
We get the same curves if we restrict the cluster mass to
mrq instead of mej and then plot the cusp mass within ah in
units ofmrq. The mass fraction of the cusp is increasing with
the slope. For a small γ the decay of the binary stops before
the transition to the third phase is reached because there
is not enough mass available for ejection (see also Fig. 1 of
Paper I). The larger λ is, the less mass is contained within
this range and the earlier the binary stalls. For steeper dis-
tributions with γ & 2 the fraction of ejected mass increases
steeply with γ. Even for a cluster as large as λ = 50 this
mass is sufficient for γ ≈ 3 to allow the binary to shrink to
a radius as small as about 2 ag (Eq. (12) of Paper I).
Comparing the ejected mass and the cluster mass we
come to the same conclusion as before. For large clusters
with shallow profiles the cluster mass becomes unphysically






























Figure 3. Bold lines, left y-axis: The cluster mass in units of
mej is shown under the condition that the mass within ah is large
enough to allow the binary to merge. Thin lines, right y-axis:
Fraction of the cluster mass within ah.
Therefore the decay of the binary would stall in core galax-
ies, which probably have already undergone a major merger.
This is in good agreement with the conclusions drawn by
Roos (1981) from his numerical three-body experiments.
However, for steep profiles as we expect them to be formed
during mergers there is sufficient mass available for the bi-
nary to be eject without the cluster mass becoming too large,
so that the BHs will coalesce.
5.2 Mass distribution during and after the merger
In Eq. (7) we can express the infinitesimal mass in terms of












i.e. a profile with a power law index γ = 3. This distribution
represents the solution in Fig. 1 of Paper I, where for γ =
3 and λ = 1 all lines go through af/ag = 1. This means
that mej is distributed with just the right steepness that
after its ejection the binary has shrunk to the semimajor
axis ag where gravitational radiation starts to dominate the
further decay. With the slope γ = 3 the BHs eject the mass
dm in the distance r owing to which the binary shrinks by
an amount dr that corresponds exactly to the thickness of
the spherical shell containing dm. If the density would fall
below that of Eq. (38) somewhere in the range between ag
and ah and we ignore the mass outside the shell 4πr
2dr the
binary would stall at this distance. For a steeper distribution
more matter is bound deeper in the potential at smaller radii
and its ejection would allow the binary to decay to radii
smaller than ag. If we assume that Eq. (38) is the initial
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profile, all the mass becomes ejected for r . ah and a hole
remains in this range after the merger. But if the initial
profile exceeds that of Eq. (38) we could substract the latter
from the former to compute the density distribution after
the BHs have merged.
The observed profiles of early type galaxies have been
published in various papers. Lauer et al. (1995) casted the
surface brightness distributions into the “Nuker” function
and found a bimodal distribution of the inner slope β. They
classified sources with a flat slope, i.e. 0 ≤ β . 0.3, as core
galaxies and galaxies with β & 0.5 as power law galaxies.
Both classes also differ in other respects: Core galaxies have
larger cores and are more massive and luminous with boxy
or elliptical isophotes. They show a high velocity dispersion
while they are slowly rotating. This is in agreement with this
type of galaxies having undergone a major merger with re-
distribution of matter, dissipation of energy and cancellation
of large amounts of angular momentum what leads to an in-
creased density in the center at the time the binary becomes
hard, as has been argued in Paper I. Decomposing the sur-
face brightness Gebhardt et al. (1996) obtained a bimodal
distribution for the slopes of the luminosity density profiles
in the range 0.3 . γ . 2.5 peaking at 0.8 (core galaxies) and
1.9 (power law galaxies). Assuming a constant mass to light
ratio we can use these slopes for the density distribution of
the final profile after the merger. Later Carollo et al. (1997);
Rest et al. (2001); Ravindranath et al. (2001) found galax-
ies with intermediate slopes in the region between the peaks
what might suggest that there is a smooth and continuous
variation in the slopes and other properties of the galaxies.
However, we keep in mind that the slopes of the final density
profile have been found in the range 0.3 . γ . 2.5 with the
remnants of major mergers probably peaking at γ ∼ 0.8.
5.2.1 Density profiles when a = ah
While the power law galaxies can be fitted by a power law
with a single slope, the fits for core galaxies have a shallower
slope in the inner regions than at larger distances where the
surface brightness decreases roughly as µb ∝ r−β with β
mostly in the range between 1 and 2 (Faber et al. 1997).
Therefore the slope γ of the density at these distances is
roughly in the range between 2 and 3. The break radius rb
marks the transition between both power laws and is typ-
ically found on scales of tens of parsecs or larger. Because
the distance where the binary becomes hard is on the par-
sec scale, ah is smaller than rb by at least a factor of 10.
In the following we will consider density profiles only up to
radii which are smaller than rb and focus on the region of
the second phase where r . ah what we will call the cusp
region. In this range we only need a single power law for
the final distribution ρf = fρ0(r/r0)
−δ for both, core and
power law galaxies. If the profiles are steep enough they can
be extrapolated to larger radii beyond rb in case of power
law galaxies, while for core galaxies the index at r > rb has
to be larger than in the flat inner part. However, at some
radii much larger than rb the profiles of both types of galax-
ies have to become much steeper in order to keep the mass
finite. Besides the final profile in the inner region we also
know the density distribution of the ejected mass fraction,
ρej = ρ0(r/r0)
−γ , with γ & 2.5. The factor f in the final
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Figure 4. The initial density profile is shown for various com-
binations of inner (γ) and outer (δ) slopes. The two thin dotted
lines show final profiles which have a sink in the center.
we assume the initial profile to have different slopes in the
cusp region and at larger distances, unlike in the previous
section 5.1, we can write ρi = ρf + ρej in the form
ρi(x) = ρ0(x
−γ + fx−δ). (39)
x = r/r0 is the dimensionless length and we choose r0 = ah.
For a smooth transition between the power laws at ah we
need ρej = ρf and hence f = 1. For larger f the final profile
would also dominate at smaller radii so that the transition
is shifted to smaller distances and vice versa for smaller f .
Therefore we use f = 1 throughout the rest of this section if
not stated otherwise. Because δ < γ the initial distribution
approaches the ejected profile at x < 1 and the final profile
at x > 1, see Fig. 4. The core and the power law galaxies
peak at δ ≈ 0.8 and 2 respectively and so we used these
values for δ in Fig. 4, keeping γ = 3 fixed (bold lines). The
thin lines depict the initial profile for which the outer power
law index is fixed to δ = 0.8 while the cusp has a slope
γ = 2.5 (dashed line) or γ = 4 (dashed-dotted line). The
shape of the profiles is basically the same, i.e. all have a
steep cusp within x = 1 which will be deminished by the
BHB due to slingshot ejection of stars, while they are flatter
at larger radii (δ ≈ 0.8 for core galaxies and 2 for power law
galaxies). Note that we extended the plot to only x = 50 and
therefore did not cover the region of the break radius. Hence
the steepening at r & rb of the core galaxies is not included
in the plot. After the BHs have merged and ejected a fraction
of the mass of the cusp the final profile just continues the
flatter power law from the outer regions (x > 1) into the
cusp region (x < 1), what of course is just a consequence
of ρi = ρf + ρej and our assumption, based on observations,
that ρf is a single power law at r < rb.
5.2.2 Mass of the cusp
In order to decide which of these profiles could be realistic
we have to check whether the mass initially contained in
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Figure 5. The initial cusp mass as function of the inner slope
(γ) with the outer slope (δ) as parameter in the case that the
ejected fraction allows the BHs to merge. Note that γ > δ must
be satisfied and therefore the dashed line is meaningless in the
range γ ≤ 2.
the cluster, i.e. at the time the binary becomes hard, does
not exceed physically reasonable limits. The integration of
Eq. (39) in the range from ag to ah, which correspond in


















Mej is obtained by integrating ρej in the same limits and
yieldsMej =M0(1−ηγ−3)/(3−γ), whereM0 = 4πr30ρ0. For
a successful merger we need Mej = mrq and using Eq. (35)
we plotted the required initial cusp mass in Fig. 5 in units
of mej with η = 50. The steeper the ejected distribution,
the less mass remains in the cusp after the merger and the
more the ejected fraction dominates the mass of the cusp.
Or, in other words the contribution of Mf to the cusp mass
increases with decreasing γ. On the other hand for a steeper
final profile (large δ) more mass is initially contained in the
cusp. Note that γ > δ must be satisfied and therefore the
dashed line is meaningless in the range γ ≤ 2. If both, the
initial cusp profile and the final distribution are flat the ini-
tial cusp mass which is required for a sucessful merger be-
comes too large (solid curve for γ . 2). However, if the cusp
is steep prior to its destruction (γ & 2.5), a merger is in
agreement with both, flat (core galaxies) and steep (power
law galaxies) final profiles.
5.2.3 Mass of the core
Because we assume that the initial profile is not affected
much at r > ah the initial and final distributions and hence
their mass in this range should be about the same. To obtain
the mass of the cluster in this region we integrate ρi from







λ = 10, δ = 0.8
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Figure 6. The lower limit of the core mass if the cusp mass
allows the BHs to merge. This mass increases with the size of the
core λ and with decreasing slopes δ and γ of the core and cusp
respectively. Parameters for the dotted line are the same as for
the solid thin line but with f = 0.1 instead of 1.
respectively. In order to distinguish this part of the cluster
(ah ≤ r ≤ rc) from the cusp region (ag ≤ r ≤ ah) we
will refer to it as the core. We assume rc to be less than
the break radius rb and take 50 as upper limit for λ. The
integration of the density over the core region yieldsMcore =
M0 [(λ
3−γ − 1)/(3− γ)+ f(λ3−δ − 1)/(3− δ)]. Equating the
ejected fraction in the cusp region which we computed above
with the required mass for a merger mrq we can solve for















This is a lower limit because we derived it with the assump-
tion that the mass in the cusp allows the BHs to merge and
that the density distributions of the inner and outer part
match at ah, determining the scaling mass M0. The core
mass is plotted in Fig. 6 for various combinations of inner
and outer slopes and for two different sizes λ of the core re-
gion. The cuspy part visible in most of the curves at γ . 2 is
caused by the contribution of the cusp profile extended into
the core region, i.e. the first term in the brackets of Eq. (41).
The mass should not exceed a few tens of mej ∼ 108 M⊙ and
therefore flat slopes in the cusp region (γ . 2) would only be
possible in small cores with steep slopes (δ = 2). For steep
cusps with γ & 2.5 also shallow small cores and steep large
cores become possible. Large shallow cores (solid thin line)
we find to be possible only for cusps steeper than γ ≈ 3.5.
This can be alleviated if the cusp dominates the distribution
to radii larger than ah, i.e. if we use f < 1 in Eq. (39), see
the dotted line in Fig. 6. However, as noted before, the lat-
ter profile is supposed to be that of a galaxy after a major
merger and not the mass distribution of an ongoing merger.
Thus these results are in good agreement with our arguing
in Paper I that at the time when the binary becomes hard
mass accumulates in the center with a steep profile.
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5.2.4 Profiles with a local minimum in the cusp
So far we have assumed that after the merger the profiles
follow the same power law in the cusp and core region. How-
ever, there are galaxies whose inner density profile has been
observed to even decrease towards smaller radii (Lauer et al.
2002). We can construct a crude approximation to such a




[1− f(x)]x−α + f(x)x−δ
)
. (42)
The step-function f = xn/(1+xn), wich tends to 0 for x < 1
and to 1 for x > 1, is required because α < δ. Therefore f
makes sure that ρf ∝ x−α in the cusp region and ∝ x−δ
in the core region. In order for the step-function to domi-
nate both power laws the parameter n which determines the
sharpness of the step has to be larger than both slopes |α|
and |δ|. We chose n = 5. This final distribution is shown in
Fig. 4 by the thin dotted lines for δ = 1, α = −0.5 (upper
branch) and α = −1 (lower branch). In the cusp region the
density decreases with decreasing radius and therefore the
remaining mass contributes even less to the initial cusp mass
than the single power law we used before. Hence there is no
contradiction beacause of a too massive cusp. At x > 1 the
density follows the same possible distributions as before, al-
though we used δ = 1 to keep the plot clear, and so we also
obtain the same results as above for this region. Depending
on how close the ejected profile approaches the initial dis-
tribution all slopes less then the initial one, even holes in
the profile, are possible in the cusp region for the merger
remnant. The density profiles shown in Lauer et al. (2002)
do not really resemble a power law in the inner parts like
in Fig. 4 and are more similar to the profiles obtained in
the simulations of a fixed binary embedded in a stellar clus-
ter by Zier & Biermann (2001), see their Fig. 1. Although
these profiles would be in agreement with a stalled binary
they could also be generated by completely merged BHs,
depending on the initial profile as we demonstrated above.
5.2.5 The profile when a = ah and possible deviations
According to our analysis we obtain a profile at the time
the binary becomes hard that fulfills the following condi-
tions: It allows the BHs to merge completely without the
cluster becoming too massive and is in agreement with ob-
served post-merger profiles after a fraction of the cusp has
been ejected by the binary. In the cusp region this profile
is steep (γ & 2.5) and becomes flatter in the core region
(ah . r . rb) with a slope of γ ≈ 0.8 and 1.9 for post-
merger core or power law galaxies respectively. Beyond the
break radius rb the profile of core galaxies becomes steeper
while it remains constant for powerlaw galaxies before at
large distances it has to fall off more steeply (γ > 3) for
both types in order to keep the mass finite. In case of ec-
centric orbits of the stars, keeping the pericenter fixed, the
kick-parameter would be smaller (Eq. (6)) and the ejected
mass larger (Eq. (8)). On the other hand the binary could
interact also with stars when they approach their pericenter
which, at the time the binary becomes hard, happen to be
close to their apocenters. These stars might compensate for
the additional mass which is needed for a successful merger.
With eccentric orbits the cusp does not need to be as steep
as for ǫ = 0 to allow the binary to enter the third phase. The
exact shape of the initial profile will depend on the mass and
velocity distributions in the isolated galaxies prior to their
collision, the orientation of both galactic spins and their or-
bital angular momentum relative to each other. The amount
of dissipated energy, cancelled components of angular mo-
mentum and fraction of mass with low angular momentum
which will be funelled into the central regions depend on
these parameters. Each of the BHs will carry a stellar cusp
as massive as the BH. By the time the BHs become hard
both cups will have merged and together with other mat-
ter that has been brought into the center they form a new
massive and steep cusp. The post-merger profile will also be
influenced by the time scales on which the binary decays in
the second phase (section 7). This time scale will depend on
the eccentricity of the BHB and probably also on the initial
distribution of the mass and velocity of the stars in the cusp.
Our derivation above for the density distribution might
be oversimplified because of the following possible devia-
tions: A fraction of stars which has been ejected from the
region r ≤ ah will stay bound to the cluster, increasing
the density at larger radii (section 3.1). The binary also
heats the remaining stellar population at r ≤ ah, further
diminishing the cluster’s density in this range. Due to the
mass transfer from the inner to the outer regions of the clus-
ter the stars which remain in the center are not as tightly
bound as before and consequently extend to larger radii. All
this redistribution of mass leads to a profile which is shal-
lower than the difference between the initial and the ejected
mass distributions. Conversely this means that the mass de-
ficiency in the center of galaxies which is obtained from the
difference between the profile at larger distances extrapo-
lated into the inner region and the observed inner profile
(Milosavljevic´ et al. 2002; Graham 2004) might underesti-
mate the steepness of the distribution at the time when the
binary becomes hard, especially in the cusp region. Because
the central cusp has been destroyed by the merging BHs and
the cusp was steeper in a successful merger than the core
region suggests, such an extrapolation does not seem to be
appropriate. Instead the distribution at the time when the
binary becomes hard should be used to compute the mass
deficiency. Because of its transient nature it is very unlikely
that it can be observed. Thus either the profile we suggested
above should be used or it can be generated from N-body
simulations which take into account the relative orientation
of the spins and angular momentum as well as the initial
mass and velocity distributions of the isolated galaxies.
6 mej IN MULTIPLE MERGERS
Although our approach to the merger of a massive BHB
is quite simple the results seem to describe such a merger
reasonably well. However, there is a simple and easy consis-
tency check with numerical simulations which we want to
carry out. According to simulations more mass is ejected if
the primary BH merges N times with a BH of mass m1/N
than in one merger with a BH of mass m1 (e.g. Quinlan
1996; Zier & Biermann 2001). In case of one merger we
have mej = m1 ln(ah/ag)/(2k), cf. Eq. (8) with q = 1. If
we distribute the merging mass over N mergers we have
m2 = m1/N . When the i-th merger proceeds, the primary’s
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mass is that it has after the (i−1)-th merger has been com-
pleted, i.e.
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and hence the reduced mass µi = m1,i qi/(1 + qi). Thus we
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The sum on the right hand is equal to N + ψ(1 + N) −
ψ(1+2N), where ψ is the Psi (Digamma) Function and can
be approximated by N2/(1 + N), with a maximum error
of about 6% for N = 2. This approximation corresponds
to keeping i fixed to 1 in the above expression for m1,i so
that m1,i remains constant at m1,i = m1 for all mergers.
Hence the primary’s mass is fixed and its growth with the
increasing number of mergers can be neglected. The total









and the ratio of the mass ejected in N mergers with m2 =







This is a function that grows with N , in agreement with the
results of numerical simulations. In deriving this ratio we
neglected the dependency of η = ah/ag on the mass ratio q.
According to numerical experiments this ratio is increasing
with decreasing q. Therefore the inclusion of this depen-
dency would result in an ejected mass which is increasing
more steeply with N , making our result more pronounced.
7 TIME DEPENDENCY OF THE MERGER
With our approach to compute the mass which is required
to be ejected by the BHs so that they can coalesce we can
not determine the rate at which stars are ejected and conse-
quently no shrinking rate of the binary. To derive the time
dependency of the merger we would have to make further
assumptions about the rate at which stars interact with and
are ejected by the BHs, i.e. about the velocity distribution
of the stars. This might be quite difficult during an ongo-
ing merger. Nevertheless, one assumption we want to make









This behaviour has been observed for hard binary






























Figure 7. Evolution of the semimajor axis (decreasing curves)
and the ejected mass (increasing curves) with time. The shrinking
rate is assumed to be constant.
(Hills 1983; Quinlan 1996; Milosavljevic´ & Merritt
2001; Zier & Biermann 2001) and should therefore
also be applicable for steep and compact cusps
and to triaxial galaxies whose loss cone is al-
ways full (Yu 2002; Holley-Bockelmann et al. 2002;
Holley-Bockelmann & Sigurdsson 2006; Berczik et al.
2006). Note that our definition is different from that used
by Quinlan (1996) who defined the shrinking or hardening
rate as a dimensionless quantity. We assume that the binary
needs the time thg to shrink from the initial semimajor
axis ah to ag. Integrating Eq. (49) in time from t = 0 to
some time t < thg and in distance from ah at t = 0 to a(t)
respectively, we can solve for the semimajor axis which the







If t = thg the binary has shrunk to ag and solving for the
hardening rate yields H = (η − 1)/ahthg. Applying this to





1 + (η − 1)t/thg . (51)
The integration of Eq. (7) gives the mass which has been
ejected by the time the semimajor axis has shrunk to a(t)
and we only need to replace ag with a(t) in Eq. (8) to obtain
an expression for m(t). With the help of Eq. (51) we can




ln [1 + (η − 1)t/thg]
ln η
(52)
Both functions are plotted in Fig. 7 for different ratios η,
where the increasing curves show the mass evolution and
the decreasing ones the change of the semimajor axis with
time. In the beginning the evolution of the binary is fastest,
especially the decay of the semimajor axis. It has decreased
to 1/5 or less of its initial value after about only 1/5 of
the merging time thg. In the same period the ejected mass
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amounts to more than a half of the total mass mej which
the BHs have ejected once they reach the separation of ag.
After a time of about 0.2 thg has elapsed the evolution slows
down noticably and the binary spends most of its time in
the second phase to shrink the remaining distance from less
than 0.2 ah to ag = ah/η. Hence, if a binary really stalls
it will be most likely found in the range ag . a . 0.2 ah,
see next section. This is in agreement with the results of
the numerical three-body experiments by Roos (1981) which
suggest that the binary orbit stops shrinking at a separation
of the BHs of about 0.015 rcusp.
Initially at t = 0 the mass ejection rate is m˙0 =
µ(η − 1)/(kthg) and exceeds that at the end of the second
phase at t = thg by a factor of η. This is probably the time
when the BHB carves a torus comprised of stars out of the
initial stellar distribution (Zier & Biermann 2001, 2002). If
we assume a mass ratio q = 1 with a mass of the primary
BH of about 108 M⊙ and a shrinking time thg ≈ 109 yr we
obtain an initial ejection rate of about 1, 2.5 and 5M⊙/yr
for η = 20, 50 and 100 respectively. Because η ≫ 1 and the
ejection rate at the end of phase 2 is smaller by a factor
1/η than in the beginning it is almost independent of η and
amounts to only 0.05M⊙/yr. This again indicates that the
evolution at the end of phase 2 is much slower than in the
beginning.
We have not taken into account any dependency on the
profile of the density and velocity distribution. While the
shrinking rate might still be a constant due to a filled loss-
cone, the shrinking time thg probably depends on both dis-
tributions. This could be explored in more detail with the
help of N-body simulations. An estimate for the order of
magnitude of thg could also be derived from Z-shaped radio
galaxies, as has been pointed out by Zier (2005), but that is
beyond the scope of the present paper.
8 ONGOING MERGERS
The results we obtained in the present article and Paper I
suggest that most likely the BHB which forms after the colli-
sion of two galaxies merges. In the introduction we cited ob-
servational evidence for ongoing mergers where the BHs are
still orbiting around each other. It has been pointed out by
Gopal-Krishna, et al. (2003) that in ZRGs during the time
between the bending of the pre-merger jet into a Z-shape by
the secondary galaxy and the launching of the post-merger
jet after the coalescence of both BHs we should see only the
pure Z-shape, but no complete X-shape of the jets. So far no
galaxies with a pure Z-shape have been observed. However,
it might be that in the new and greatly increased sample of
XRGs, compiled by Cheung (2006), about three such sources
out of hundred galaxies could have been observed for the
first time, i.e. J0145-0159, J1040+5056 and J1206+3812. Of
course this needs a thorough and detailed analysis. However,
even the existence of these objects would not indicate that
the binary has stalled and are rather a sign that the separa-
tion of the BHs is somewhere below 30-100 pc (Zier 2005),
therefore providing a very important laboratory for the re-
search of ongoing mergers and merger history. The sample
of Cheung also seems to increase the number of post-merger
ZRGs, supplying more objects for the deprojection of the
jets as performed in Zier (2005). The pure Z-shaped sources
might be good candidates to look for a spatially resolved
binary as has been discovered by Komossa et al. (2003) in
NGC 6240. Because of the projected separation of the BHs
of about 1.4 kpc this merger is currently in the first phase.
However, based on numerical simulations of a BHB in a
stellar core some authors claimed that probably the binary
stalls in the second phase due to loss-cone depletion (e.g.
Quinlan 1996; Makino 1997; Quinlan & Hernquist 1997;
Milosavljevic´ & Merritt 2001; Berczik et al. 2005). Hence we
are looking for ongoing mergers which happen to be in the
second phase. These might still not be stalled and actually
en route to coalescence. Only if there is a significant num-
ber of ongoing mergers in the second phase, preferentially
in the range ag . a . 0.2 ah as we predicted in the previ-
ous section, this could indeed argue for a stalled binary. A
still existing BHB manifests itself also in semi-periodic sig-
nals in lightcurves, see Komossa (2003, 2006) and references
therein. Katz (1997) presented a model for OJ 287 where the
precession of the accretion disk, driven by the gravitational
torque of the secondary BH, causes the jet to sweep period-
ically across our line of sight. Due to Doppler-boosting this
leads to the observed variations of the luminosity. Accord-
ing to this model the period of the binary is much less than
the period of 9 yr of the luminosity in the rest frame of the
galaxy. Models by Sillanpa¨a¨ et al. (1988) and Valtaoja et al.
(2000) relate the variations of the lightcurve to interactions
of the secondary BH with the accretion disk and therefore
the observed period corresponds to the orbital period of
the binary. Merritt & Milosavljevic´ (2005) have compiled a
sample of active galaxies with observed periodic variabil-
ities which might be related to the orbital motion of the
BHs. Assuming that the observed periods in the lightcurves
correspond to that of the binary we use these periods and
independent estimates for the mass of the BHs in order to
determine the separation of the BHs and hence the phase
in which the merger has been observed. Kepler’s third law






We want to scale the semimajor axis with the separation
where gravitational waves start to dominate the decay of










Note that Peters (1964) actually gave this expression in
the form 〈da/dt〉 = −64/5 · G3µM212/(c5a3) which inte-
grated yields Eq. (54). Some authors used the definition
tg ≡ |a˙/a|−1 for the timescale of the coalescence of the BHs
from an initial separation ag, which differs form our tg in
Eq. (54) by a factor of 4. However, combining Eqs. (53) and


























From observations we know the period T of the binary and
the mass m1 of the primary BH. Assuming a mass ratio q
allows us to compute the separation of the BHs. In Table 1
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Table 1. Sources exhibiting (semi)periodic changes in lightcurves, possibly due to a BHB. Columns: (1) source, (2) redshift, (3) intrinsic
period, (4)-(7) BH masses, (8) current separation scaled to ag in units of 10−3 (q = 0.1), (9) mass ratio obtained under the condition
that a = ag, (10) remaining time to coalesce due to emission of gravitational waves (q = 0.1).
Source z Tintr log(MBH/M⊙) a/ag a = ag
[yr] (a) (b) (c) (d) [10−3] − log(q) log(tg/yr)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
Mrk 421 0.031 22.4 7.6 8.3σ 373 - 730 2.7 - 1.6 8.3 - 9.5
Pks 0735+178 0.424 10.0 8.1 8.3 8.2 218 - 264 3.7 - 3.3 7.4 - 7.7
BL Lac 0.069 13.1 6.4 7.3 7.7 8.4σ 237 - 1615 3.5 - 0.01 7.5 - 10.8
On 231 0.102 12.3 8.0 334 2.9 8.1
Oj 287 0.306 9.1 7.7 8.4 8.1 8.8λ 127 - 364 4.6 - 2.8 6.4 - 8.3
Pks 1510-089 0.361 0.7 8.0 8.6λ 27.8 - 49.4 7.2 - 6.2 3.8 - 4.8
3C 345 0.595 6.3 8.0 9.3λ 61.4 - 214 5.9 - 3.7 5.2 - 7.3
AO 0235+16 0.940 2.9 8.7 8.7 8.0 65.1 - 127 5.8 - 4.6 5.3 - 6.4
3C 66A 0.444 0.125 8.0 15.7 8.2 2.8
Mrk 501 0.033 0.063 8.3 9.2σ 3.14 - 7.43 11 - 9.5 −0.01 - 1.5
3C 273 0.158 0.00225 9.0 9.2L 0.34 - 0.41 15 −3.9 - − 3.5
Sgr A∗ 0.0 0.3 6.5(e) 6.6(f) 108 -118 4.9 - 4.7 6.1 - 6.3
References for the periods: Mrk 421 (Liu et al. 1997), Pks 0735+178 (Fan et al. 1997), BL Lac (Fan et al. 1998), On 231 (Liu et al. 1995),
Oj 287 (Pursimo et al. 2000), Pks 1510-089 (Xie et al. 2002), 3C 345 (Zhang et al. 1998), AO 0235+16 (Raiteri et al. 2001), 3C 66A
(Lainela et al. 1999), Mrk 501 (Hayashida et al. 1998), 3C 273 (Xie et al. 1999), Sgr A∗ (Zhao et al. 2001). References for the masses:
With the exception of Sgr A∗ the values in columns (4) and (5) were taken from Xie et al. (2002), in column (6) from Xie et al. (2004)
and in column (7) from Wang et al. (2004). Masses for Sgr A∗ are from (e) Scho¨del et al. (2003) and (f) Ghez et al. (2003). The indices
σ, λ, L indicate the method used to determine the BH mass. See text for details.
we listed the sources (column (1)), which have been com-
piled by Merritt & Milosavljevic´ (2005) with their observed
periods. We used their redshifts (2) to transform these peri-
ods into the rest frame of the source via Tintr = Tobs/(1+z),
column (3). For the BH mass in the center of these galax-
ies we found different values in the literature which have
been obtained with different methods (columns (4) to (7)).
Xie et al. (2002) assume a maximally rotating Kerr BH and
relating the observed minimal timescales of the variation of
the luminosity, on scales between half an hour to 12 hours,
to the period of the marginally bound orbit they obtain an
upper limit of the BH mass which is given in column (5).
The same authors used an expression for the Eddington-
limit that includes the Klein-Nishina effects on the Compton
scattering cross section to obtain a lower limit for the mass,
a method proposed by Dermer & Gehrels (1995), listed in
column (4). Later Xie et al. (2004) used the same method of
the minimal timescales for a larger sample with the results
listed in column (6). In another paper Wang et al. (2004)
employed three different methods to determine the mass of
the central BH which is indicated by the upper index in
column (7). They either used the MBH − σ relation as fit-
ted by Tremaine et al. (2002) (σ), the linewidth-luminosity-
mass scaling relation (Kaspi et al. 2000) (λ), or the correla-
tion between the luminosity of host galaxy and BH mass
(McLure & Dunlop 2001) (L). The mass for Sgr A∗ was
obtained from Ghez et al. (2003) and Scho¨del et al. (2003),
who used observations of absorption lines to determine the
orbits of central stars and hence the mass of the BH.
As can be seen in Table 1 the masses for some objects
are quite different by up to a factor of 100 (BL Lac, 3C 345,
Oj 287). There is also a contradiction for AO 0235+16 be-
tween the lower and upper limits of the mass in columns
(4) and (6) respectively and between coulmns (6) and (7),
where the latter mass is not supposed to be an upper limit.
Notwithstanding these problems we just took the smallest
and largest mass and computed the corresponding range of
the current separation of the BHs using Eq. (55). The result
is given in column (8) for the mass ratio q = 0.1 in units
of 10−3. For q = 1 the obtained semimajor axes would be
even smaller by a factor of 0.6. Assuming that the binary’s
current separation is just at the transition from phase 2 to
phase 3, i.e. a = ag we can solve Eq. (55) for the required
mass ratio q and obtain
q =
2 · 31/3χ+ 21/3(
√
3χ2(27− 4χ) + 9χ)2/3
62/3(
√
3χ2(27− 4χ) + 9χ)1/3 , (56)
where we used the definition
χ1/12 ≡ (4π2)−1/3c5/4(Gm1)−5/12T 2/3t−1/4g . (57)
The negative logarithm of this ratio is tabulated in column
(9). Binaries with a smaller mass ratio are still in phase
2, while for larger mass ratios gravitational radiation al-
ready dominates the decay. In the last column we listed the
remaining time for the BHs to merge due to emission of
gravitational waves if q = 0.1, which is obtained by solving
Eq. (55) for tg with a = ag,












For q = 1 this time is shorter by a factor of about 0.12.
The results show very clearly that all binaries with-
out exception are already in the third phase of the merging
process of the BHs. Only if we use the lower limit for the
mass of BL Lac the separation of the BHs is larger by a
factor of 1.6 than ag and consequently the merging time
due to emission of gravitational waves exceeds the Hubble
time (columns (8) and (10)). Taking the mass from column
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(7), which is obtained from the MBH –σ relation and might
therefore be more reliable, also this source is well beyond the
limit to the third phase. Also for the intermediate masses,
log(MBH/M⊙) = 7.7 and 7.3 we obtain a/ag = 0.46 and 0.68
respectively. As said before a larger mass ratio would further
diminish the current separation of the BHs. Thus, even for
the lower limit of the mass of BL Lac an equal mass binary
would be in the third phase. The smaller the mass ratio is,
the larger is the current separation and the longer it takes
for the BHs to merge. From column (9), showing the nega-
tive logarithm of the mass ratio for which the separation is
a = ag and the remaining merging time is the Hubble time,
we see that even for very small mass ratios the binary just
enters the third phase. All upper limits are smaller than 0.1.
Of course BL Lac is again the sole exception, but only for
the lower mass limit. In column (10) the time remaining for
the BHs to coalesce due to emission of gravitaional radia-
tion is listed, assuming a mass ratio q = 0.1. All binaries,
with the exception of BL Lac for the small mass limit, will
coalesce in much less than a Hubble time. If we would use
q = 1 the merging times are smaller by a factor of 0.12 so
that also for the small mass limit the binary in the center of
BL Lac will merge in less than a Hubble time. In case of ec-
centric orbits of the BHs the merging times would be further
decreased so that the times we obtained are actually upper
limits. Explaining the variations in the lightcurves with the
model by Katz (1997) would result in much smaller periods
of the binaries and hence in smaller separations and merging
times (Eqs. (55, 58)) so that the binary is even deeper in the
third and last phase of the merger. Therefore, provided that
the variations in the lightcurves are due to a BHB in the
center of the galaxies, our findings in this section are in very
good agreement with the results of the previous sections and
strongly support our conclusions in Paper I. That is, most
likely the slingshot mechanism in the second phase of the
merger is sufficiently efficient in order to extract enough en-
ergy and angular momentum from the binary so that the
BHs can enter the last phase where gavitational radiation
dominates the shrinking and the BHs merge in less than a
Hubble time. It is actually striking that all possible non-
merged BHBs are observed in all phases but the second,
which according to loss-cone depletion models is the one in
which binaries should most likely be found.
9 DISCUSSION AND CONCLUSIONS
Observational evidence suggests that BHBs, formed in a
galaxy collision, eventually coalesce within less than a Hub-
ble time. Focussing on stars bound to the binary we showed
in Paper I that the slingshot ejection of stars in the second
phase of the merger, which is considered to be the bottle-
neck, is sufficiently efficient to allow the BHs to coalesce.
The prerequisite, supported by the observational evidence
for successful mergers, is a steep cusp which is about as
massive as the binary at the time the binary becomes hard.
In the present article we further pursued our idea of Paper I
and compared its predictions with observations and numer-
ical simulations. Our results obtained in the present article
verified the previous results and strengthen our conclusion
that the BHs coalesce in less than a Hubble time.
In sections 3 and 4 we first examined in more detail the
assumptions on which our results in Paper I are based, i.e.
that the kick-parameter is about 1 and that we can neglect
the cluster potential when calculating the energy which the
binary loses to the ejected stars. We showed that a crude
theoretical estimate for k is in agreement with the kick-
parameter we derived from the data obtained from simu-
lating a stellar cluster in the potential of a binary moving
on fixed orbits (Zier 2000). Comparing these values for k
with those obtained in other simulations and scattering ex-
periments (Hills & Fullerton 1980; Roos 1981; Quinlan 1996;
Yu 2002) we found very good agreement, justifying our as-
sumption of k ≈ 1. While including the cluster potential
tends to slightly increase the kick-parameter on average, we
found that it can be neglected in comparision with the po-
tential of the binary when computing the potential energy
of the stars. The influence of the cusp on the total poten-
tial becomes even less for steeper profiles which are required
for a successful merger. Thus we find our assumptions well
justified and can be confident in the results of Paper I.
In section 5 we determined the density profile and its
mass which is required to enable the BHs to merge and
which is in agreement with the observed post-merger pro-
files after the cusp has been destroyed and a fraction of
the mass ejected from the cusp region. Such a profile has a
steep cusp of about M12 with a power law index γ & 2.5
and becomes flatter in the core region (ah . r . rb) where
its slope is about 0.8 or 1.9 for core and powerlaw galax-
ies respectively (Lauer et al. 1995; Gebhardt et al. 1996).
Recently also profiles with intermediate slopes in the core
region have been observed (Carollo et al. 1997; Rest et al.
2001; Ravindranath et al. 2001) which are also in agree-
ment with the mass distribution we obtained. Beyond the
break radius rb the profile of core galaxies becomes steeper
while it remains constant for power law galaxies before at
large distances it has to fall off with γ > 3 for both types
of galaxies in order to keep the mass finite. Depending on
how closely the profile of the ejected mass approaches the
initial distribution in the cusp region all slopes for the fi-
nal profile which are less than that of the initial one are
possible. This even includes distributions where the density
drops with decreasing radius and which have been observed
by Lauer et al. (2002). They might indicate that the binary
got stalled (Zier & Biermann 2001), but as we showed here
they can also be formed by BHs which successfully merge.
However, the maximum of these distributions is observed
to be at radii about a factor of 10 larger than ah. For large
clusters with shallow profiles at the time the binary becomes
hard we find that the binary stalls before it is able to enter
the third phase. This is in good agreement with the results
which Roos (1981) obtained from numerical three-body ex-
periments. However, we argue that a large and shallow stel-
lar cluster is the end product of a merger and that at the
time the binary becomes hard the profile in the cusp region
is steep, allowing the BHs to coalesce.
The steep cusp with a total mass of about that of the
binary or more is most likely formed during the collision of
galaxies. Depending on the initial mass and velocity dis-
tributions in the isolated galaxies and on the magnitude
and orientation of both galactic spins and the orbital an-
gular momentum relative to each other energy will be dissi-
pated and fractions of angular momentum cancel each other.
These initial conditions determine the amount of mass that
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is funneled into the common center of the galaxies where it
merges with the cores surrounding each BH into the required
steep cusp with a mass of ∼ M12. The initial conditions
will also influence the morphology of the merger product
(Toomre & Toomre 1972) and processes like the star forma-
tion rate and hence the final gas and star content. After the
merger the velocity will be tangentially anisotropic at r . ah
and radially anisotropic at larger radii, with the ejected stars
being focused to the equatorial plane of the binary, the more
the higher their kinetic energies are (Zier & Biermann 2001).
Our derivation of the initial profile might be oversim-
plified. A fraction of the ejected stars will stay bound to
the cluster while the stars remaining in the cusp region are
less tightly bound due to the smaller mass and hence will
also expand to larger regions. This is enhanced by the en-
ergy transfer from the binary to these stars, which are still
bound by the BHs. Hence there is a transfer from the inner
to the outer regions of mass bound by the cluster resulting
in a profile which is flatter than the difference between the
initial and ejected mass distribution. Conversely this means
that the mass deficiency in the centers of galaxies, which
is obtained from the difference between the extrapolation
of the outer steeper density profile into the cusp region and
the observed inner profile (Milosavljevic´ et al. 2002; Graham
2004), might underestimate the steepness of the cusp at the
time the binary becomes hard. This real profile exists only
for a short time because of its destruction by the binary.
Hence in order to estimate the mass deficiency we suggest
to use a profile as we derived it above or to generate this
profile with the help of N-body simulations which take into
account the above mentioned initial conditions.
In section 6 we performed a simple consistency check.
In agreement with numerical simulations (Quinlan 1996;
Quinlan & Hernquist 1997; Milosavljevic´ & Merritt 2001;
Zier & Biermann 2001) we find that the ejected mass is in-
creasing with the number N of mergers if we keep the total
mass constant with whichm1 merges. That means that more
mass is ejected in N mergers ofm1 withm2 = m1/N than in
one merger with m2 = m1. The stronger dependency on N
which has been found in the simulations might be due to our
assumption that we can neglect the dependency of the ratio
ah/ag on the mass ratio q. Our results show that the growth
of m1 during the N mergers has a negligible influence on the
total ejected mass.
Although our approach to the merging of the BHs does
not allow to determine the time dependency, in section 7 we
made use of the observations in numerical experiments that
the hardening rate is constant once the binary has become
hard (Hills 1983; Quinlan 1996; Milosavljevic´ & Merritt
2001; Zier & Biermann 2001). Utilizing this assumption we
obtained the semimajor axis and the ejected mass as func-
tions of time with the time thg to dacay fram ah to ag as
parameter. The exact value of this shrinking time will de-
pend on the mass and velocity distributions and hence on
the initial conditions of the merger. Our results showed that
the merger elvolves fastest in the beginning and then con-
tinuously slows down. Therefore we conclude that if stalled
binaries exist at all, they will most likely be found with a
semimajor axis in the range ag . a . 0.2 ah. This is in
agreement with the results of numerical three-body experi-
ments by Roos (1981) who finds that the binary might stop
to shrink at a separation of the BHs of about 0.015 rcusp.
Promising sources with still existing binaries could be
pure Z-shaped radio galaxies (Gopal-Krishna, et al. 2003)
with a separation less than 30-100 kpc (Zier 2005). Such ob-
jects might have been observed for the first time in a new
sample of about 100 XRG candidates which has been com-
piled by Cheung (2006). Possibly some of these sources ex-
hibit broad-emission lines characteristic of quasars (Cheung,
priv. comm.) as have been observed only recently in some
XRGs (Wang et al. 2003; Landt et al. 2006). This would
probably strengthen the conjecture that merging BHBs are
the formation mechanism for XRGs and the central torus
in AGN (Zier & Biermann 2001, 2002) which is required by
the unification scheme for type 1 and 2 AGN (Antonucci
1993). According to this model the symmetry axis of the
torus, which is surrounding the nucleus and the broad emis-
sion line region (BLR), is aligned with the post-merger jet.
Because in XRGs both lobes are close to the plane of sky we
consequently see the torus close to edge on with the BLR
hidden in its center, in agreement with so few XRGs ex-
hibiting BLRs. The larger the angle is between the plane
of sky and the post-merger jet, i.e. the axis of the torus,
the more from within the torus we can see, including the
BLR, and the less reddened the core should appear. For
such objects we predict on average shorter post-merger jets
in projection. According to the merging scenarios XRGs are
seen close to edge-on and hence they should be good candi-
dates for showing a type 1 spectrum in polarized light like
NGC 1068 (Antonucci & Miller 1985).
However, an ongoing merger has been observed by
Komossa et al. (2003) in NGC 6240 with a projected sep-
aration of 1.4 kpc, i.e. clearly in the first phase. But stalled
binaries are expected at the end the second phase where
slingshot ejection of stars becomes inefficient according to
some interpretations of numerical simulations. We tried to
check this prediction in section 8 where we used a compi-
lation of 12 sources (Merritt & Milosavljevic´ 2005) which
exhibit periodic variations in their lightcurves. These are
possibly caused by the orbital motion of a BHB. From the
observed periods and masses obtained with various meth-
ods we determined the current semimajor axis of the bi-
nary, assuming a mass ratio q = 0.1. It turned out that
all binaries have shrunk already deep into the third phase
and the remaining time to coalescence in most sources is
much less than the Hubble time. The remaining merging
time increases with decreasing mass ratio and therefore we
computed q for the case that it still needs a Hubble time to
merge. We obtained values much smaller than q = 0.1 and
hence even in case of minor mergers the binary is already in
the third phase. Some of the mass estimates differed by large
factors, in case of BL Lac by 100. Taking the smallest value
which was obtained with the method of minimal time scales
(Xie et al. 2002) this is the only source that could be still at
the end of the second phase at a = 1.6 ag and hence in the
range we predicted above. However, for a larger massratio or
the larger mass which has has been obtained from the prob-
ably more reliable MBH –σ relation (Gebhardt et al. 2000;
Tremaine et al. 2002) also this binary is clearly beyond the
transition to the final phase. Hence, in striking contrast to
the predictions of loss-cone depletion (e.g. Begelman et al.
1980; Quinlan 1996; Makino 1997; Quinlan & Hernquist
1997; Milosavljevic´ & Merritt 2001; Berczik et al. 2005) we
find all BHB candidates already in the phase where the emis-
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sion of gravitational waves dominates the shrinking, i.e. no
stalled binaries. Therefore a merger with a third galaxy be-
fore the BHs have coalesced and the formation of more than
two bound supermassive BHs with the subsequent slingshot
ejection of one or more BHs (e.g. Valtonen 1996) is highly
unlikely.
We conclude that the BHB which forms in a galaxy
collision merges completely. This is in agreement with the
observation of mostly merged binaries and only few on-
going mergers with none of them being stalled in the
second phase. Hence the slingshot ejection of stars is
sufficiently effective arguing for the formation of steep
cusps at the time the binary becomes hard which con-
tain a mass of ∼ M12 as we derived it in Paper I and
the present article. Triaxial potentials where the loss-cone
is always full (Yu 2002; Holley-Bockelmann et al. 2002;
Holley-Bockelmann & Sigurdsson 2006; Berczik et al. 2006)
further support our arguments for a successfully merged bi-
nary. The inclusion of dark matter into our analysis, which
we did not consider here although the same formalism ap-
plies, would accelerate the merger and make it even more
likely that the BHs coalesce. If there is not enough bary-
onic matter in the cusp to allow the BHs to merge but they
have coalesced anyway our approach should provide a tool
to draw conclusions about the amount and distribution of
dark matter in the cusp region. However, we come to the
conclusion that stalled binaries do not exist at all or are
very rare.
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